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Abstract
A tree T is arbitrarily vertex decomposable if for any sequence  of positive integers adding up to the order of T there is a sequence
of vertex-disjoint subtrees of T whose orders are given by . An on-line version of the problem of characterizing arbitrarily vertex
decomposable trees is completely solved here.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
A tree T is said to be arbitrarily vertex decomposable if for any sequence (t1, . . . , tk) of positive integers adding up
to |T | = |V (T )| (the order of T) there is a sequence (T1, . . . , Tk) of vertex-disjoint subtrees of T such that |V (Ti)| = ti
for i = 1, . . . , k.
The notion of an arbitrarily vertex decomposable (avd for short) tree has been introduced independently by Barth et
al. in [1] and Hornˇák and Woz´niak in [4,5].
It is useful to redeﬁne the standard notation for integer intervals: for p, q ∈ Z we put [p, q] := {z ∈ Z : pzq}
and [p,∞) := {z ∈ Z : pz}. We denote by degT (x) the degree of a vertex x ∈ V (T ), by (T ) the maximum vertex
degree in T, by dT (y, z) the distance between vertices y, z ∈ V (T ) and by vk(T ), where k ∈ [1,∞), the number of
vertices of T of degree k.
Let T be a tree with (T )3. A vertex x ∈ V (T ) is primary if degT (x)3. A path is a tree isomorphic to Pn for
some n ∈ [1,∞) (with |Pn| = n). An arm of T is a subtree of T isomorphic to a path joining a pendant and a primary
vertex of T all of whose internal vertices are of degree two in T.
It turned out that some classes are essential when analysing the property of a tree “to be avd”. A star-like tree is
a tree homeomorphic to a star K1,q . If q3, such a tree has one primary vertex and q arms, and is uniquely (up to
isomorphism) determined by the multiset {ai : i ∈ [1, q]} of orders of its arms. For the sake of simplicity we shall
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Fig. 1. Cat(5, 8).
Fig. 2. Cat(5, 3, 6).
frequently assume that (a1, . . . , aq) is a non-decreasing sequence, i.e., (a1, . . . , aq) ∈Aq , whereAq is the set of all
non-decreasing sequences of length q containing integers greater than 1. The aforementioned tree will be denoted by
S(a1, . . . , aq).
A caterpillar is a tree T having as a subgraph a path P such that T –P is an edgeless graph (a path itself also is a
caterpillar). A caterpillar T with (T ) = 3 and v3(T ) = 1 is a star-like tree S(2, a, b) and we shall denote it Cat(a, b);
an example for (a, b) = (5, 8) is presented in Fig. 1. Clearly, Cat(b, a)Cat(a, b) (so that in our analysis we may
suppose ab) and the notation Cat(a, b) can be extended also to the trivial case a = 1b in which Cat(1, b)Pb+1.
By Cat(a, l, b) we shall denote the caterpillar T with (T ) = 3, v3(T ) = 2, the multiset of arm orders {2, 2, a, b} and
with |T | = a + l + b; for (a, l, b) = (5, 3, 6) see Fig. 2. Similarly as above while working with Cat(a, l, b) we may
suppose that ab.
Let T be a tree. Imagine now the following decomposition procedure consisting of k stages, where k is a random
variable attaining values from [1, |T |]. In the ith stage, where i ∈ [1, k], a positive integer ti arrives and we have to
choose a subtree Ti of T of order ti that is vertex-disjoint from all subtrees of T chosen in previous stages (without a
possibility of changing the choice in the future).
More precisely, for every partial sequence (t1, . . . ti ) whose sum is less than |T |, there is a sequence (T1, . . . , Ti) of
vertex-disjoint subtrees of T such that |Tj | = tj , with the following property: for all sequences (t ′1, . . . , t ′k) with k i
and summing to |T |, such that t ′r = tr for 1r i, there is a decomposition of T into vertex-disjoint subtrees T ′1, . . . , T ′k
with |T ′j | = t ′j for all j, and T ′j = Tj for 1j i.
If the decomposition procedure can be accomplished for any (random) sequence of positive integers (t1, . . . , tk)
adding up to |T |, the tree T is said to be on-line avd. The notion we focus on here can by related to management of
parallel systems used simultaneously by different applications where we have to assign a connected subnetwork to
each application on-line.
As an immediate consequence of the deﬁnitions we obtain the following obvious necessary condition for on-line
avd trees.
Proposition 1. If a tree is on-line avd, then it is avd.
Because of Proposition 1, results on (off-line) avd trees are important for the analysis of trees that are on-line avd.
The most general one concerns the best upper bound avdmax on the maximum degree of an avd tree. In [5] it has been
conjectured that avdmax = 4. It has been proved successively that avdmax6 (see [4]), avdmax5 [6] and avdmax4
[2]. The results below on star-like trees are taken from [5,2].
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Theorem 2. If a tree T is avd, then (T )4.
Theorem 3. If (a1, a2, a3) ∈A3 and S(a1, a2, a3) is avd, then a22a1 − 2 and a3a1 + a2 − 1.
Theorem 4. If (a1, a2, a3, a4) ∈A4 and S(a1, a2, a3, a4) is avd, then a1 = 2 and a3a2 + 1.
There are avd trees with maximum degree 4, for example S(2, 2, 5, 7), hence, as conjectured, avdmax = 4. As we
shall see, the maximum degree of an on-line avd tree is at most 3.
The following theorem (proved independently in [1,5]) will be very useful throughout our paper.
Theorem 5. If a, b ∈ [1,∞), then Cat(a, b) is avd if and only if gcd(a, b) = 1.
If T is a tree and t1 ∈ [1, |T | − 1], a subtree T1 of T of order t1 is said to be t1-admissible provided that the graph
T − T1 is connected (and hence a tree). This notion allows us to describe the main tool used in the study of on-line
avd trees.
Lemma 6. If T is a tree, the following two conditions are equivalent:
(i) T is on-line avd.
(ii) For each t1 ∈ [1, |T | − 1] there exists a t1-admissible subtree T1 of T such that T − T1 is on-line avd.
Proof. (i) ⇒ (ii): Suppose that t1 is the ﬁrst member of a random sequence (t1, . . . , tk) of positive integers adding up
to |T | in which k2, and let T1 be a subtree of T of order t1 chosen by the decomposition procedure. Then T ′ := T −T1
must be connected, otherwise the decomposition procedure cannot be accomplished for the sequence (t1, |T | − t1).
Furthermore, the decomposition procedure for the tree T ′ can be accomplished for any random sequence (t ′1, . . . , t ′l )
of positive integers adding up to |T ′| (with l ∈ [1, |T ′|]), and so T ′ is on-line avd.
(ii) ⇒ (i): If t1 = |T |, the decomposition procedure can be accomplished in a unique way, by choosing T1 := T .
If t1 < |T |, take as T1 a t1-admissible subtree of T that is on-line avd. Then the decomposition procedure applied on
T − T1 can be accomplished for any random sequence (t2, . . . , tk) of positive integers adding up to |T − T1|. So, T is
on-line avd. 
From Theorem 5, Lemma 6 and Proposition 1 it follows that there are avd trees that are not on-line avd. Namely,
T := Cat(5, 8) is avd. On the other hand, if T1 is a 3-admissible subtree of T, then T −T1 is either Cat(2, 8) or Cat(5, 5)
(see Fig. 1), in both cases a tree that is not avd and hence not on-line avd.
It seems that the characterization of avd trees is very difﬁcult. The situation is different in the case of on-line avd trees,
the present paper provides a complete classiﬁcation. What follows is our main result.
Theorem 7. A tree T is on-line avd if and only if either T is a path or T is a caterpillar Cat(a, b) with a and b given
in Table 1 or T is the star-like tree S(3, 5, 7).
The following general problem remains open:
Problem 1. Characterize (further classes of) on-line avd graphs.
Theorem 7 will be proved in a series of claims, starting with the simplest case of paths.
Claim 1. If n ∈ [1,∞), then Pn is on-line avd.
The proof is by induction on n. Since P1 is trivially on-line avd, we may suppose that n ∈ [2,∞) and that Pm is
on-line avd for any m ∈ [1, n − 1]. If t1 ∈ [1, n − 1], then any subpath T1 of Pn of order t1 containing a leaf of Pn is
t1-admissible and, by the induction hypothesis, the tree Pn − T1Pn−t1 is on-line avd. Therefore, by Lemma 6, Pn is
on-line avd.
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Table 1
Values a, b such that Cat(a, b) is on-line avd
a b
2 ≡ 1 (mod 2)
3 ≡ 1, 2 (mod 3)
4 ≡ 1 (mod 2)
5 6, 7, 9, 11, 14, 19
6 ≡ 1, 5 (mod 6)
7 8, 9, 11, 13, 15
8 11, 19
9 11
10 11
11 12
2. Caterpillars Cat(a, b)
If T = Cat(a, b) in Lemma 6, the assertion can be modiﬁed as follows.
Lemma 8. Let a ∈ [2,∞) and b ∈ [a + 1,∞).
1. If for any i ∈ [2, a − 2] at least one of the caterpillars Cat(a − i, b) and Cat(a, b − i) is on-line avd and the
caterpillar Cat(a, b − a) is on-line avd, so is the caterpillar Cat(a, b).
2. If there exists an i ∈ [2, a − 2] such that neither of the caterpillars Cat(a − i, b) and Cat(a, b − i) is on-line avd,
then the caterpillar Cat(a, b) is not on-line avd.
3. If the caterpillar Cat(a, b − a) is not on-line avd, the same is true for the caterpillar Cat(a, b).
Proof. Let T denote the caterpillar Cat(a, b).
1. By Lemma 6 it is sufﬁcient to ﬁnd for any t1 ∈ [1, a + b − 1] a t1-admissible subtree T1 of T such that T − T1 is
on-line avd. For c ∈ {2} ∪ {a, b} and j ∈ [1, c − 1] consider a subpath Pj (c) of T of order j containing the leaf of an
arm of T of order c.
If t1 = 1 and T1 := P1(2), then, by Claim 1, T − T1Pa+b−1 is on-line avd.
If t1 ∈ [2, a − 2], then T − Pt1(a)Cat(a − t1, b) and T − Pt1(b)Cat(a, b − t1), so that T1 can be chosen from
the set {Pt1(a), Pt1(b)}.
If t1 = a − 1 and T1 := Pa−1(a), then T − T1Pb+1.
If t1 = a and T1 := Pa(b), then T − T1Cat(a, b − a).
Finally, with t1 ∈ [a + 1, a + b − 1] let T1 be the (unique) subtree of T such that T − T1Pa+b−t1 .
2., 3. A consequence of Lemma 6. 
It follows, in particular, that for all values t1 = 1, t1 = a − 1, and t1a + 1 there exists a t1-admissible subtree in
Cat(a, b). What remains is to check t1 ∈ [2, a − 2] ∪ {a}.
Claim 2. If a ∈ [2, 4], b ∈ [a + 1,∞) and gcd(a, b) = 1, then Cat(a, b) is on-line avd.
Proof (induction on b). For any pair (a, b) ∈ {(2, 3), (3, 4), (3, 5), (4, 5), (4, 7)} we present a sequence of caterpillars
in which every caterpillar C is followed by ← r(C), where r(C) is the label of the claim showing that C is on-line avd,
and such that this sequence guarantees, by Lemma 8.1, that Cat(a, b) is on-line avd.
(2, 3): Cat(2, 1)P3 ← 1;
(3, 4): Cat(3, 1)P4 ← 1;
(3, 5): Cat(3, 2)Cat(2, 3) ← 2;
(4, 5): Cat(4, 3)Cat(3, 4) ← 2, Cat(4, 1)P5 ← 1;
(4, 7): Cat(4, 5) ← 2, Cat(4, 3) ← 2.
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Now, we may suppose that b2a + 1 and, for any c ∈ {2} ∪ {a}, Cat(a, b− c) or Cat(a − c, b) is on-line avd. Then,
by Lemma 8.1, so is Cat(a, b). 
Claim 3. If b ∈ {6, 7, 9, 11, 14, 19}, then Cat(5, b) is on-line avd.
Proof. b = 6: Cat(5, 4) ← 2, Cat(5, 3) ← 2, Cat(5, 1) ← 1;
b = 7: Cat(3, 7) ← 2, Cat(2, 7) ← 2, Cat(5, 2) ← 2;
b = 9: Cat(5, 7) ← 3, Cat(2, 9) ← 2, Cat(5, 4) ← 2;
b = 11: Cat(3, 11) ← 2, Cat(2, 11) ← 2, Cat(5, 6) ← 3;
b = 14: Cat(3, 14) ← 2, Cat(5, 11) ← 3, Cat(5, 9) ← 3;
b = 19: Cat(3, 19) ← 2, Cat(2, 19) ← 2, Cat(5, 14) ← 3. 
Claim 4. If b ∈ [6,∞) and gcd(6, b) = 1, then Cat(6, b) is on-line avd.
Proof (induction on b). The caterpillars Cat(6, 5) and Cat(6, 7) are on-line avd, the former by Claim 3 and the latter
because of the following sequence of trees that are on-line avd: Cat(i, 7) ← 2, i = 4, 3, 2, Cat(6, 1) ← 1.
If b ∈ [11,∞) and Cat(6, b− 6) is on-line avd, so is Cat(6, b), having in mind that Cat(a′, b) is on-line avd for any
a′ ∈ [2, 4] (by Claim 2: note that neither 2 nor 3 is a divisor of b).
Claim 5. If b ∈ {8, 9, 11, 13, 15}, then Cat(7, b) is on-line avd.
Proof. b = 8: Cat(7, 6) ← 4, Cat(7, 5) ← 3, Cat(3, 8) ← 2, Cat(7, 3) ← 2, Cat(7, 1) ← 1;
b = 9: Cat(5, 9) ← 3, Cat(4, 9) ← 2, Cat(7, 5) ← 3, Cat(2, 9) ← 2, Cat(7, 2) ← 2;
b = 11: Cat(5, 11) ← 3, Cat(i, 11) ← 2, i = 4, 3, 2, Cat(7, 4) ← 2;
b = 13: Cat(7, 11) ← 5, Cat(i, 13) ← 2, i = 4, 3, 2, Cat(7, 6) ← 4;
b = 15: Cat(7, 13) ← 5, Cat(4, 15) ← 2, Cat(7, 11) ← 5, Cat(2, 15) ← 2, Cat(7, 8) ← 5. 
Claim 6. If (a, b) ∈ {(8, 11), (8, 19), (9, 11), (10, 11), (11, 12)}, then Cat(a, b) is on-line avd.
Proof. (8, 11): Cat(6, 11) ← 4, Cat(5, 11) ← 3, Cat(i, 11) ← 2, i = 4, 3, 2, Cat(8, 3) ← 2;
(8, 19): Cat(6, 19) ← 4, Cat(5, 19) ← 3, Cat(i, 19) ← 2, i = 4, 3, 2, Cat(8, 11) ← 6;
(9, 11): Cat(7, 11) ← 5, Cat(6, 11) ← 4, Cat(5, 11) ← 3, Cat(i, 11) ← 2, i = 4, 3, 2, Cat(9, 2) ← 2;
(10, 11): Cat(8, 11) ← 6, Cat(7, 11) ← 5, Cat(6, 11) ← 4, Cat(5, 11) ← 3, Cat(i, 11) ← 2, i = 4, 3, 2,
Cat(10, 1) ← 1;
(11, 12): Cat(11, i) ← 6, i = 10, 9, 8, Cat(11, 7) ← 5, Cat(11, 6) ← 4, Cat(11, 5) ← 3, Cat(11, i) ← 2, i = 4, 3,
Cat(11, 1) ← 1. 
We now continue with negative assertions. The ﬁrst one is an immediate consequence of Theorem 5 and
Proposition 1.
Claim 7. If a ∈ [2,∞), b ∈ [a,∞) and gcd(a, b)2, then Cat(a, b) is not on-line avd.
For a ∈ [2,∞) and i ∈ [1, a] let B(a, i) stand for the set of all positive integers b such that b ≡ i(mod a) and
Cat(a, b) is not on-line avd. If B(a, i) 	= ∅, we denote by (a, i) the minimum of B(a, i) and in the case B(a, i) = ∅
we put formally (a, i) := ∞. Note that if gcd(a, i)2, then, by Claim 7, (a, i) = i.
Lemma 9. If a ∈ [1,∞), i ∈ [1, a] and B(a, i) 	= ∅, then B(a, i) = {(a, i) + ja : j ∈ [0,∞)}.
Proof. Let us show by induction on j that for any j ∈ [0,∞) we have (a, i) + ja ∈ B(a, i). Since (a, i) ∈
B(a, i), we may suppose that k ∈ [0,∞) and that Cat(a, (a, i) + ka) is not on-line avd. Then, by Lemma 8.3,
Cat(a, (a, i) + (k + 1)a) is not on-line avd either. 
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From Lemma 9 it follows that the sequence (a) := ((a, 1), . . . , (a, a)) contains all information concerning
caterpillars Cat(a, b) that are not on-line avd: if a ∈ [2,∞), b ∈ [1,∞) and b ≡ i(mod a), then Cat(a, b) is not
on-line avd if and only if b(a, i). Notice that, by Claims 1, 2 and 4, (1)= (∞), (2)= (∞, 2), (3)= (∞,∞, 3),
(4) = (∞, 2,∞, 4) and (6) = (∞, 2, 3, 4,∞, 6). Let us observe that (x, x) = x for any x.
Claim 8. (5) = (16, 12, 8, 24, 5).
Proof. As already mentioned, (5, 5) = 5. Consider i ∈ [1, 4]. To show that (5, i) cannot be smaller than stated in
our claim, we use Claims 2 and 3. Further, we present a pair Cat(5 − j, (5, i)), Cat(5, (5, i) − j) with j ∈ [2, 3] of
caterpillars that are not on-line avd (together with corresponding claim labels); then, we are done by Lemma 8.2.
(5, 2) = 12: Cat(3, 12) ← 7, Cat(5, 10) ← 7;
(5, 3) = 8: Cat(2, 8) ← 7, Cat(5, 5) ← 7 (the “negative part” has already been considered in the introduction);
(5, 1) = 16: Cat(2, 16) ← 7, Cat(5, 13) ← 8;
(5, 4) = 24: Cat(3, 24) ← 7, Cat(5, 22) ← 8.
Claim 9. (7) = (22, 16, 10, 18, 12, 20, 7).
Proof. (7, 3) = 10: Cat(4, 10) ← 7, Cat(7, 7) ← 7;
(7, 2) = 16: Cat(5, 16) ← 8, Cat(7, 14) ← 7;
(7, 4) = 18: Cat(5, 18) ← 8, Cat(7, 16) ← 9;
(7, 5) = 12: Cat(5, 12) ← 8, Cat(7, 10) ← 9;
(7, 6) = 20: Cat(5, 20) ← 7, Cat(7, 18) ← 9;
(7, 1) = 22: Cat(5, 22) ← 8, Cat(7, 20) ← 9. 
Claim 10. (8) = (9, 2, 27, 4, 5, 6, 15, 8).
Proof. Claim 8 yields (8, 5) = 5.
(8, 1) = 9: Cat(3, 9) ← 7, Cat(8, 4) ← 7;
(8, 3) = 27: Cat(6, 27) ← 7, Cat(8, 25) ← 10;
(8, 7) = 15: Cat(6, 15) ← 7, Cat(8, 13) ← 10. 
Claim 11. (9) = (10, 20, 3, 13, 14, 6, 16, 9).
Proof. (9, 1) = 10: Cat(7, 10) ← 9, Cat(9, 8) ← 10;
(9, 2) = 20: Cat(7, 20) ← 9, Cat(9, 18) ← 7;
(9, 4) = 13: Cat(5, 13) ← 8, Cat(9, 9) ← 7;
(9, 5) = 14: Cat(7, 14) ← 7, Cat(9, 12) ← 7;
(9, 7) = 16: Cat(7, 16) ← 9, Cat(9, 14) ← 11;
(9, 8) = 8: Cat(7, 17) ← 9, Cat(9, 15) ← 7. 
Claim 12. (10) = (21, 2, 13, 4, 5, 6, 17, 8, 19, 10).
Proof. (10, 3) = 13: Cat(5, 13) ← 8, Cat(10, 8) ← 7;
(10, 7) = 7: Cat(8, 17) ← 10, Cat(10, 15) ← 7;
(10, 9) = 9: Cat(7, 19) ← 9, Cat(10, 16) ← 7;
(10, 1) = 21: Cat(8, 21) ← 10, Cat(10, 19) ← 12. 
Claim 13. (11) = (23, 13, 14, 15, 16, 17, 18, 19, 20, 21, 11).
Proof. It is sufﬁcient to show (by induction on b) that Cat(11, b) is not on-line avd for any b ∈ [13,∞).
(11, 2) = 13: Cat(9, 13) ← 11, Cat(11, 11) ← 7;
(11, 3) = 14: Cat(8, 14) ← 7, Cat(11, 11) ← 7.
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Now, suppose that b ∈ [15,∞) and Cat(11, b − 2) is not on-line avd. By Claim 11, Cat(9, b) is not on-line avd.
Therefore, by Lemma 8.2, the same is true for Cat(11, b). 
Claim 14. If b ∈ [12,∞), then Cat(12, b) is not on-line avd.
Proof (induction on b). Neither Cat(12, 12) nor Cat(12, 13) is on-line avd: the former by Claim 7 and the latter
because neither of Cat(9, 13) and Cat(12, 10) is on-line avd (Claims 11 and 7).
Assume that b ∈ [14,∞) and Cat(12, b − 2) is not on-line avd. By Claim 12, Cat(10, b) is not on-line avd. Due to
Lemma 8.2 then also Cat(12, b) cannot be on-line avd. 
Claim 15. If a ∈ [12,∞) and b ∈ [a,∞), then Cat(a, b) is not on-line avd.
Proof. Suppose our claim is not true and let (a, b) be the lexicographical minimum of the set S := {(p, q) : p ∈
[12,∞), q ∈ [p,∞),Cat(p, q) is on-line avd}. By Claims 14 and 7, we have a13 and ba + 114. If T1 is a
2-admissible subtree of T := Cat(a, b), then T −T1 is either Cat(a−2, b) or Cat(a, b−2). The caterpillar Cat(a−2, b)
is not on-line avd, either by the assumption above (if a14, then (a−2, b) /∈ S) or by Claim 13 (if a=13). Furthermore,
by the same assumption, Cat(a, b − 2) is not on-line avd (if ba + 2, then (a, b − 2) /∈ S, and, if b = a + 1, then
(a − 1, a) /∈ S). This, however, represents a contradiction with Lemma 8.2. 
3. Caterpillars with maximum degree 3
A useful tool in the analysis of avd (and also on-line avd) trees is a “tree to tree transformation” described as
follows. Consider a primary vertex x of a tree T that belongs to at least two arms A1, A2 of T. Let xi ∈ V (Ai)
be the neighbour of x and yi ∈ V (Ai) the leaf, i = 1, 2. By T (A1, A2) we denote the tree with V (T (A1, A2)) =
V (T ) and E(T (A1, A2)) = E(T ) − {xx2} ∪ {y1y2}. When passing from T to T (A1, A2) the arms A1, A2 are re-
placed by a new arm with vertex set V (A1) ∪ V (A2). We say that T (A1, A2) is created from T by an edge
transportation.
Lemma 10. Suppose that a tree T is on-line avd and A1, A2 are arms of T sharing a primary vertex of T. Then the tree
T (A1, A2) is on-line avd, too.
Proof. Let AL(T ) denote the assertion of the Lemma. We proceed by induction on |T |. The order of T is at least 4 and
|T | = 4 implies T = Cat(2, 2). By Theorem 5 and Proposition 1, Cat(2, 2) is not on-line avd, hence AL(T ) is true for
any tree T of order 4.
So, suppose that T is an on-line avd tree with |T |5 and that AL(T ′) is true for any tree T ′ with |T ′|< |T |. If
t1 ∈ [1, |T | − 1], by Lemma 6 there is a t1-admissible subtree T1 of T such that T − T1 is on-line avd. By the same
lemma it is sufﬁcient to show that there is a t1-admissible subtree T˜1 of T˜ := T (A1, A2) such that T˜ − T˜1 is on-line
avd.
If V (T1) ⊇ V (A1) ∪ V (A2), we have T − T1 = T˜ − T1 and we can take T˜1 := T1.
If V (T1)V (A1)∪V (A2), but V (T1)∩ (V (A1)∪V (A2)) 	= ∅, then from the connectedness of the graph T − T1 it
follows that there is i ∈ [1, 2] such that V (T −T1) is a proper subset of V (Ai). Let us observe that in this case we may
assume that x ∈ V (T1). Then T˜1 can be deﬁned as the (unique) subtree of T˜ such that T˜ − T˜1Pl , where l := |T −T1|
(see Claim 1).
Finally, if V (T1)∩ (V (A1)∪ V (A2))= ∅, then Tˆ := T − T1 is a tree of order |T | − t1 < |T | that is on-line avd and
contains both arms A1, A2. Since AL(Tˆ ) is true, Tˆ (A1, A2) = T˜ − T1 is on-line avd and we are done by putting
T˜1 := T1. 
There is a complete characterization of avd caterpillars of the form Cat(a, l, b) due to Cichacz et al. [3]. Since it
is rather complicated and not necessary for our analysis in its completeness, we present here only a weaker result
(cf. [3]).
Lemma 11. If a, l, b ∈ [2,∞) and the caterpillar Cat(a, l, b) is avd, then gcd(a, b) = 1.
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Fig. 3. Star-like tree S(3, 5, 7).
Claim 16. If a, l, b ∈ [2,∞), then Cat(a, l, b) is not on-line avd.
Proof. FromLemma11 andProposition 1 it follows that if gcd(a, b)2, thenCat(a, l, b) is not on-line avd.Henceforth
suppose that gcd(a, b) = 1, ba + 1 and l = 6k + i with k ∈ [0,∞) and i ∈ [1, 6].
Let a ∈ [2, 3]. We are going to show by induction on b that T := Cat(a, 6k + i, b) is not on-line avd for any
b ∈ [a + 1,∞).
Consider ﬁrst the case (a, b)=(2, 3). ThenT can be transformedby an edge transportation to either ofCat(2, 6k+i+3)
and Cat(6k + i + 2, 3). If i ∈ {1, 3, 4, 5}, at least one of the resulting caterpillars is not on-line avd (by Claim 7), and
therefore, by Lemma 10, T is not on-line avd. By Lemma 6, T is not on-line avd in the case i = 2 either, since if T1 is a
1-admissible subtree of T, then T − T1 is one of Cat(6k + 3, 3), Cat(2, 6k + 4) and Cat(2, 6k + 2, 2), and non of those
trees is on-line avd. If i =6 and T1 is a 5-admissible subtree of T, then T −T1 is either Cat(6k+3, 3) or Cat(2, 6k+4);
thus again T − T1 is not on-line avd and the same is true for T.
(a, b)= (3, 4): T can be transformed by an edge transportation to either of Cat(3, 6k+ i +4) and Cat(6k+ i +3, 4).
As above, if i ∈ {1, 2, 3, 5}, using Claim 7 and Lemma 10, we see that T is not on-line avd. If i ∈ {4, 6} and T1 is an
(i + 1)-admissible subtree of T, then T − T1 is either Cat(6k + 2, 4) or Cat(6k + 3, 3), so that neither T − T1 nor T is
on-line avd.
(a, b) = (3, 5): If T1 is a 3-admissible subtree of T, then T − T1 = Cat(3, 6k + i, 2)Cat(2, 6k + i, 3), and neither
T − T1 nor T is on-line avd.
So, suppose that b2a + 1 and Cat(a, 6k + i, b − a) is not on-line avd. The only a-admissible subtree T1 of T
satisﬁes T − T1 = Cat(a, 6k + i, b − a); therefore, by Lemma 6, T is not on-line avd.
To ﬁnish the proof, suppose that our claim is not true and let (a, b) be the lexicographical minimum of the set
S := {(p, q) : p ∈ [2,∞), q ∈ [p,∞),Cat(p, 6k+ i, q) is on-line avdfor some k, i }. From above we know that a4
and ba + 1. If T1 is a 2-admissible subtree of T, then T − T1 is either Cat(a − 2, 6k + i, b) or Cat(a, 6k + i, b − 2).
However, neither of the caterpillars Cat(a−2, 6k+ i, b) and Cat(a, 6k+ i, b−2) is on-line avd: note that (a−2, b) /∈ S,
(a, b − 2) /∈ S for ba + 2 and (a − 1, a) /∈ S in the case b = a + 1. Thus, we have obtained a contradiction with
Lemma 6. 
Claim 17. If T is a caterpillar with (T ) = 3 and v3(T )2, then T is not on-line avd.
The proof is by induction on v3(T ). If v3(T ) = 2, use Claim 16. Now suppose that v3(T )3 and no caterpillar T ′
with(T ′)=3 and v3(T ′)< v3(T ) is on-line avd. If T˜ is the result of an edge transportation in T (there are two possible
ways to perform it), then T˜ is a caterpillar with (T˜ ) = 3 and v3(T˜ ) = v3(T ) − 1. As T˜ is not on-line avd, the same
must be true for the caterpillar T (by Lemma 10).
4. Star-like trees with three arms
There is only one tree that is on-line avd and is not a caterpillar, namely the star-like tree of Fig. 3.
Claim 18. The tree S(3, 5, 7) is on-line avd.
Proof. By Lemma 6 it sufﬁces to ﬁnd, for any t1 ∈ [1, 12], a t1-admissible subtree T1 of T := S(3, 5, 7) such that the
tree T − T1 is on-line avd. It is easy to see that T1 can be chosen so that T − T1 is successively (for t1 = 1, . . . , 12)
Cat(5, 7) ← 3, P11 ← 1, Cat(3, 7) ← 2, P9 ← 1, Cat(3, 5) ← 2, Pi ← 1, i = 7, . . . , 1. 
The paper [3] (Theorem 6) provides a complete characterization of avd star-like trees with minimum arm order 3.
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Theorem 12. If (3, a2, a3) ∈A3, thenS(3, a2, a3) is avd if andonly ifgcd(a2, a3)2, gcd(a2+1, a3)2, gcd(a2, a3+
1)2, gcd(a2+1, a3+1)3 and there is no pair (2, 3) of positive integers satisfying a2+a3+1=2a2+3(a2+1).
For a1 ∈ [3,∞) and a2 ∈ [2a1 − 2,∞) let A(a1, a2) be the set of all a3 ∈ [a1 + a2 − 1,∞) such that S(a1, a2, a3)
is avd.
Corollary 13. A(3, 4) = {6}, A(3, 5) = {7, 8, 13}, A(3, 6) = {10, 16, 22}.
Claim 19. If (a1, a2, a3) ∈A3 − {(3, 5, 7)} and a13, then S(a1, a2, a3) is not on-line avd.
Proof. Suppose that our claim is not true and let (a1, a2, a3) be the lexicographical minimum of the set S :=
{(p1, p2, p3) ∈ A3 − {(3, 5, 7)} : p13, S(p1, p2, p3) is on-line avd}. Since the tree T := S(a1, a2, a3) is on-
line avd, by Proposition 1 it is avd, hence from Theorem 3 we know that a22a1 − 2.
Assume ﬁrst that a1 = 3. If a2 = 4, then, by Theorem 3 and Corollary 13, a3 = 6. Let T1 be a 1-admissible subtree
of T. Then T − T1 is one of the trees S(2, 4, 6) = Cat(4, 6), S(3, 3, 6) and S(3, 4, 5). By Claim 7, Theorem 3 and
Corollary 13, T − T1 is not avd and hence not on-line avd, in contradiction with Lemma 6 (recall that (3, 5, 7)is
excluded.
If a2 = 5, Corollary 13 yields a3 ∈ {8, 13}. If T1 is a 5-admissible subtree of T, then T − T1 = S(3, 5, a3 − 5) must
be on-line avd (by Lemma 6). However, a3 = 8 is excluded by the fact that S(3, 5, 3)S(3, 3, 5) is not avd (Theorem
3). Thus, a3 = 13 also leads to a contradiction.
If a26, by Lemma 6 there is a 3-admissible subtree T1 of T such that T − T1 is on-line avd. Since T − T1 can
only be one of the trees S(3, a2 − 3, a3) and S(3, a2, a3 − 3), we cannot have a38: in such a case one of the triples
(3, a2 −3, a3) and (3, a2, a3 −3) (or (3, a3 −3, a2), provided that a3 −3<a2) would be in S, in contradiction with the
choice of (a1, a2, a3). On the other hand, under the assumption 6a2a37 we obtain a contradiction either with
Theorem 3.
If a1 = 4 and T1 is a 1-admissible subtree of T such that T − T1 is on-line avd, then, using the inequality a26
and the choice of (a1, a2, a3) we are left with a unique possibility T − T1 = S(4, 5, 7). Then, however, there is no
7-admissible subtree of T at all, which contradicts Lemma 6.
Finally, if a15 and T1 is a 1-admissible subtree of T, then, by the choice of (a1, a2, a3), the tree T − T1 is not
on-line avd, in contradiction with Lemma 6. 
5. General case
Claim 20. If T is a tree with (T ) = 3 and T is neither a caterpillar nor a star-like tree, then T is not on-line avd.
Proof (induction on |T |). For i ∈ [1,∞) let V i3 (T ) be the set of all vertices x ∈ V (T ) with degT (x)= 3 such that the
minimum component order of T − x is i. Since T is not a caterpillar, we have V 2+3 (T ) :=
⋃∞
i=2V i3 (T ) 	= ∅. Also, T is
not a star-like tree, therefore v3(T )2 and |T |8. Moreover, if |T | = 8, then T can be created from Tˆ := Cat(2, 2, 3)
by attaching a pendant edge to the (unique) leaf x of Tˆ of eccentricity 3: such that max
y∈V (Tˆ ) dTˆ (x, y) = 3. Suppose
that T is on-line avd. If T1 is a 1-admissible subtree of T, then T − T1 is either Tˆ or S(3, 3, 3). By Claims 16 and 19,
T − T1 is not on-line avd, in contradiction with Lemma 6.
Now suppose that |T |9 and no tree T ′ with (T ′) = 3 and |T ′|< |T | that is neither a caterpillar, nor a star-like
tree, is on-line avd. We have seen already that V 2+3 (T ) 	= ∅. Assume that T is on-line avd.
If V 13 (T )=∅ and T1 is a 1-admissible subtree of T, then v3(T −T1)= v3(T ), (T −T1)= 3, |T −T1|= |T |− 1 and
T −T1 is neither a caterpillar nor a star-like tree; by the induction hypothesis, T −T1 is not on-line avd, in contradiction
with Lemma 6.
Thus, we have V 13 (T ) 	= ∅. If |V 13 (T ) ∪ V 2+3 (T )|3 and T1 is a 1-admissible subtree of T, then T − T1, similarly
as above, is not on-line avd, a contradiction.
Finally, suppose that V 13 (T )={x} and V 2+3 (T )={y}. By Lemma 6, there is a 1-admissible subtree T1 of T such that
T −T1 is on-line avd. From the induction hypothesis and Claims 16 and 19 it follows that T −T1=S(3, 5, 7), the unique
vertex of T1 must be a leaf adjacent to x, and so exactly one component of T − x contains a primary vertex. If A1, A2
are arms of T sharing the primary vertex x, then, by Lemma 10, T (A1, A2) is on-line avd. Since T (A1, A2) is a star-like
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tree, but not a caterpillar, by Claim 19 we have T (A1, A2) = S(3, 5, 7). However, |T (A1, A2)| = |T | 	= |T − T1|, a
contradiction. 
Claim 21. If T is a tree with (T )4, then T is not on-line avd.
Proof. If(T )5, we are done by Theorem 2 and Proposition 1. Henceforth we assume that(T )=4 and we proceed
by induction on v3(T ) + 2v4(T )2. If v3(T ) + 2v4(T ) = 2, then T is a star-like tree S(a1, a2, a3, a4). Suppose that
(a1, a2, a3, a4) ∈A4 and that T is on-line avd. Then T is avd, and, by Theorem 4, a1 = 2 and a3a2 + 13. This T
can be transformed by an edge transportation to the tree S(a2 + 1, a3, a4) that is on-line avd (Lemma 10); by Claim
19 then (a2, a3, a4) = (2, 5, 7). If T1 is a 2-admissible subtree of T, then T − T1 is either S(2, 2, 3, 7) or S(2, 2, 5, 5).
However, from the above analysis we see that T − T1 is not on-line avd, so that we have obtained a contradiction with
Lemma 6.
Now suppose that v3+2v4(T )3 and there is no on-line avd tree T ′ with(T ′)=4 and v3(T ′)+2v4(T ′)< v3(T )+
2v4(T ). Let P = x1x2 . . . xr−1xr be a path in T containing the maximum number of primary vertices, let I := {i ∈
[1, r] : degT (xi)3} and let p := min I , q := max I ; from v3(T ) + v4(T )2 it is easily seen that p<q. We may
suppose without loss of generality that degT (xp)degT (xq). From the assumption on P it is clear that T − xp has
exactly one component having a primary vertex. Thus, there are two arms A1, A2 in T sharing the primary vertex xp.
If T˜ := T (A1, A2), then (T˜ ) = 4 (this is a consequence of the assumption on the degree of xp), v3(T˜ ) + 2v4(T˜ ) =
v3(T ) + 2v4(T ) − 1, and so the tree T˜ is not on-line avd. By Lemma 10, the same is true for the tree T. 
The proof of our main result, Theorem 7, now follows from Claims 1to 21.
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